The intensive shortage of natural resources and the inchoate phase of automobile remanufacturing in a closed-loop supply chain (CLSC) are driving people to take cyclic manufacturing seriously. Aiming at maximizing resource utilization and produce profits, we apply an optimizing mathematical analysis to the modeling of automobile engine remanufacturing in a joint manufacturing system, in which the quantity and quality of procurement, and the demand of the market, are both uncertain. The manufacturer can either produce new products with raw materials or remanufacture the returned product taken back from customers; the raw materials are bought from two suppliers with certain probabilities of disruption in the supply. The returned products are classified into different quality levels according to the testing results after sorting, by considering the remanufacture-up-to strategy we obtained the optimal remanufacturing ratio, then the manufacturing quantity and corresponding maximized total profit of this joint system are determined. We also investigated a real-life case of auto engine remanufacturing, comparing it with the theory of optimal remanufacturing policy, and the results indicate that a material savings of more than 45% and a cost improvement of more than 40% could be achieved when the optimal remanufacturing policy of our model is implemented.
Introduction
In recent decades, with the rapid development of modern industry, resource depletion and energy crises have become increasingly prominent, which is threatening our existence because of excessive natural resource exploitation. People have now realized that the worsening ecological environment becomes an obstacle standing in the way of sustainable industry development. With a large number of vehicles and other items becoming old and increasing waste annually, these end-of-life products are the direct cause for environmental issues. To reduce the negative impacts on the environment and respond to the government's restriction on OEMs, and also to maximize profit, manufacturers have begun to pay attention to the recycling and reusing of waste products. A large number of studies have made contributions to the theory and model of remanufacturing [1] [2] [3] [4] [5] .
Remanufacturing serves as an industrial secondary manufacturing process whereby end-of-life (EOL) products (cores or hulks) are taken back from customers waiting for a series of processes, such as sorting, testing, dismantling, repairing, disassembling, reusing, refurbishing, recycling, and disposing, by which a product or parts can be restored to their original performance. It is a valued-added process that possesses great potential in economic and environmental benefits [6, 7] . Since remanufacture is one important process of 3R(recycling, remanufacturing and reusing) in cyclic economy, it is often beneficial for saving materials and is cheaper than producing new ones [8] . The remanufactured items include electronics, machine tools, medical instruments, automobiles and components, construction machinery, and aviation equipment [9, 10] . For the automobile industry, remanufacturing can save 60% energy consumption compared with manufacturing on the whole. Over 70% of the material from end-of-life products can be recycled and the cost is actually reduced by as much as half, and the adverse impact of the environment is significantly reduced. Taking [11] as an example, they have illustrated that remanufacturing of an end-of-life hydraulic valve can restore its function to that of a new one and shorten the lead time, while its cost is reduced by 55%, its resource consumption by 85%, and its material by 90%.
For remanufacturing processes, the CLSC (closed-loop supply chain) possesses huge potential of cost and resource savings. Over the past few decades, plenty of theories and research achievements have emerged over the course of the development of the remanufacturing industry and CLSC. Different strategies and operational aspects of CLSC were researched by those researchers, such as production planning/control, forecasting, inventory management/control, network design, etc. [12] . There are large number of studies and theories on remanufacturing in the automobile industry that are focused on technological processes, state of the art, government subsidy and policy, and some basic theoretical remanufacturing models. In [13] Koyanaka and Kobayashi utilize a 3D camera and a weighing device to improve the automatic sorting technique according to the density and 3D shape, and apply neural network algorithms to the scrap identification to improve the sorting accuracy of end-of-life vehicle (ELV) shredder facilities. Ohno, et al. [14] have proposed a waste input-output material flow model to analyze the automobile composition and evaluate the economic and environmental benefits in an ELV recycling system. By data analysis they conclude that through recycling of AEs, 8.2% of the annual alloying element consumption was saved in Japan. Kim and Glock [15] have considered a remanufacturing system in which the items from the supplier to the retailer are transported by containers. The containers that are returned from retailers can either be repaired for a second use or disposed in light of their conditions, and by using the RFID method both supply chain information and container return rates are improved. Hjaila, et al. [16] have explored a third-party retailer pricing strategy for a multi-product SC model in which the policy estimation is proposed by using different price approximations and the demand elasticity theory. These studies have primarily put their emphasis on economic efficiency, leaving important problems relating to the equilibrium between the manufacturing and recycling in automobile industries unaddressed.
There is some literature that report studies on production planning, production control, and optimum production strategy. Hjaila, et al. [17] explore stochastic models to evaluate the quantity of procurement. They do no cover the issue of analyzing the optimum production and inventory strategy based on those models. Guo, et al. [18] consider a jointed pricing decision model in a remanufacturing system under uncertain demand from the perspective of a solo manufacturer, for the price of remanufactured products have an effect on newly produced products, the manufacturer has to make a joint price strategy to maximize his profits. The study takes into account the influence of remanufacturing products' WTP to pricing and the uncertainty in demand, and they have built the two-item news-vendor model on the basis of profit maximization, given the Karush-Kuhn-Tucker optimal conditions. However, the uncertainty of the quality in procurement and its influence on the total costs and profits of production need to be further studied. Huang, et al. [19] propose an optimal control policy and concludes that the rates of returned products have a distinct influence on order quantities and profits of the seller. According to the analytic results, the manufacturer should take efficiency measures to lower the returned product rates in a single remanufacturing system (the products are only from returned items). Konstantaras, et al. [20] have built up a joint EOQ and EPQ model in which the stationary demand can be met by both remanufactured and newly-purchased products in a joint remanufacturing system. Teunter, et al. [21] creatively put forward a remanufacture-up-to strategy, by which they sort the returned items into different classes according to their quality condition, and then explore a simple closed-form expression for the total expected cost, and optimal newsboy-type solutions for the optimal remanufacture-up-to levels. Finally, through the mathematical model, they decide on a critical value of the remanufacture-up-to level to obtain the optimum production strategy. Those studies are focused on the single remanufacturing system in which the EOL items returned from customers are the only source of their production. Mukhopadhyay, et al. [22] put forward that in a single remanufacturing system, firms are exposed to the risk of supply disruption because of different reasons. There exists the uncertainty in the percentage of how many EOL products can actually meet the quality criteria for remanufacturing. They set up a model of the joint remanufacturing system which has two production sources of new parts and also recycles the EOL products. In the system, the portion of used products that meet the criteria of remanufacturing is unknown, i.e., the remanufacturing yield rate is assumed to be a random variable. They not only analyze the uncertainty in market demand, but also in the yield rate, while in this model the competition of multiple new product supplies, the penalty cost, and the inventory control are not taken into account. Fang, et al. [23] deals with the model of the Cournot competition between two supply chains that are exposed to the risk of supply disruption. In this system a retailer should order the quantity according to its competing retailer's supply situation. Finally, they characterize the optimal wholesale price contracts with a linear penalty under different supply risks and competition scenarios. It provides a reference to the research on competition between multiple supplies in the later joint remanufacturing system. Kumar Jena, et al. [24] consider a joint manufacturing system in which each manufacturer will set his outward (forward) price on new products by predicting the wholesale price of his competitor, and the retailer collects the used product at the inward (reverse) price from the market, then sells the EOL product to the respective manufacturer. By predicting the relevant wholesale price manufacturer can maximize his profit. Although this system does not involve the research on the impact of uncertainty in procurement and market demands on the inventory and penalty costs, it provides a reference for us to study the effect of joint price-making on production strategies in a joint remanufacturing system.
Although a considerable amount of research has been carried out on CLSC, to the best of the authors' knowledge, no attempt has been made to study the impact of supply disruptions in a joint remanufacturing system, and then applied the mathematical model to the real-life production case. Additionally, we also made the comparison between the theoretical analysis and the real situation, and then drew a conclusion of the percentage of costs saving, and material and resource savings, offering useful reference for practical production. Based on the precious studies of our predecessors, in order to provide the guidance and theoretical foundation for manufacturers to obtain higher profits and environmental benefits, further efforts need to be taken in terms of mathematical analysis and remanufacturing models that are more appropriate to the real situation in CLSC.
In addition, compared with the remanufacturing of electronics and small home appliance products, the remanufacturing of automobiles is characterized by its long production period, complex procedures, and multi-factor uncertainty. Berzi, et al. [25] have investigated the process of end-of-life vehicle remanufacturing in authorized treatment facilities (ATFs) in Italy. Goepp, et al. [26] consider the remanufacturing model from the phase of product design. Rebitzer and Tang, et al. [27, 28] have conducted a theoretical analysis of a joint remanufacturing system in which the lead times are taken as stochastic, but the return and demand as constant. Kleineidam, et al. [29] considered a model in which the demand of remanufactured products decreases with the increase of the selling price and the supply increases with the increase of the selling price and the equilibrium of the market is obtained through the intersection of the two curves. Few studies available analyze the joint remanufacturing system of automobiles, taking the uncertainty both in procurement and demand into consideration, and failing to put up a model more appropriate to the real situation for further reference. Giri, et al. [12] considered a closed-loop supply chain (CLSC) inventory system assuming the market demand and the procurement are both stochastic. In this joint manufacturing system, the manufacturer produces new products with raw materials from two suppliers and also remanufactures the end of life products taken back from a collector. They do not take the uncertain quality factor of procurement into consideration and that uncertainty in quality will lead to cost errors of acquired items according to [21] . Except for this, the model in [12] is comparatively appropriate to the real situation. Along this line, we extended a joint remanufacturing model to take the uncertainty in acquired products into consideration aiming at addressing this gap; in particular, in this model of the automotive remanufacturing industry, we focus on the mathematical method of the problem of the economic order quantity in a joint system based on the model evolved in light of the actual situation of the Chinese remanufacturing environment. By utilizing the conceptualization of the multi-quality fraction of EOL products, we then proposed a mathematical model of this joint system and made an analysis of a situation more appropriate to the real practice, in which the quality of procurement and demand follow a certain statistical distribution, as long as the acquisition quantity is large enough, the random variable of procurement quality follows the normal distribution according to the center limit theorem of mathematical statistical theory. By reasonable mathematical analysis we derived an optimal procurement quantity and remanufacturing strategy under the premise of profit maximization.
The remainder of this paper is organized as follows: in Section 2, the model of our problem is defined. In Section 3, the model is developed to further consider the optimal acquisition quantity decision to obtain the optimal solution of profit maximization. In Section 4, we provide numerical experiments to illustrate the feasibility of our proposed mathematical model, by which we derive the optimal quantity and remanufacturing strategy of procurement for the joint remanufacturing system. Then, using this theoretical model as guidance, we compared a real-life case in automobile engine remanufacturing. In Section 5 we end with some conclusions.
Model Description and Formulation
We define the variables with a set of concise and inerratic symbols. For the ease of writing, we make some general rules for the symbols, such as Q denotes quantity, C denotes cost, superscript r denotes remanufacturing, subscript k denotes the quality level; e.g., Q r k denotes the quantity of remanufactured cores and that their quality level is k (hereafter we will refer to them as "cores of quality k"), C r k denotes the unit remanufacturing cost for cores of quality k, and Q m * denotes the optimal quantity of manufactured cores, etc. (as shown in Table 1 ). Remanufacture rate h(x, y) Joint probability density function of acquisition and demand k Random variable of quality level, k = 1, 2, 3, ...
Holding cost for unit core C p Penalty cost for unit unsatisfied demand C a Acquisition cost for unit core C r k Unit remanufacturing cost for the cores of quality k, k = 1, 2, 3, ...
Q a
Acquisition quantity of returned cores Q m
Manufacturing quantity Q a * Optimal quantity of acquisition P T Total production profit P s
Unit salvage value
Model Description and Formulation
In this paper, a joint manufacturing/remanufacturing system is proposed in which the demand of customers can either be met with new products or remanufactured products. We assume that there is no difference between remanufactured and new products in performance and application, and the system discards no returned cores, though it is some times more profitable because of the subsidy policies in China for the vehicle remanufacturing industry. However, that is beyond the scope for this paper, and we only assume that each returned core of quality k is capable of remanufacturing and the cost is C r k . The core returned from customers can also be sold in a second market for dismantling, its salvage value is denoted as P s .
We consider a joint remanufacturing system (shown in Figure 1 ) for a single product in which there is one serviceable inventory for the remanufactured products, the shortage of remanufactured products can be replenished by newly manufactured ones for both the uncertainty in demand and acquisition, and there are two raw material suppliers in this system. The first supplier is considered as the regular supplier and the secondary one as the alternative. The regular supplier is cheaper in price, but unreliable in the supply capacity, and there exists a chance of supply disruption with a probability of P. For the second one, it is comparatively expensive, but completely reliable, any demand of raw materials can be met with no supply disruption. The assumption is consistent with some literature [30] [31] [32] , and Ahiska, et al. [33] reckon that multi-suppliers are preferred by firms even under no risk of supply disruptions to obtain better responsiveness and faster supply because of the high punishing cost for the unsatisfied demand. It is often the case that the firms purchase the major part of their materials from the regular supplier with a longer lead time, and turn to the alternative one with expedited service when needed in spite of the high price. 
In this paper, a joint manufacturing/remanufacturing system is proposed in which the demand of customers can either be met with new products or remanufactured products. We assume that there is no difference between remanufactured and new products in performance and application, and the system discards no returned cores, though it is some times more profitable because of the subsidy policies in China for the vehicle remanufacturing industry. However, that is beyond the scope for this paper, and we only assume that each returned core of quality k is capable of remanufacturing and the cost is . The core returned from customers can also be sold in a second market for dismantling, its salvage value is denoted as . We consider a joint remanufacturing system (shown in Figure 1 ) for a single product in which there is one serviceable inventory for the remanufactured products, the shortage of remanufactured products can be replenished by newly manufactured ones for both the uncertainty in demand and acquisition, and there are two raw material suppliers in this system. The first supplier is considered as the regular supplier and the secondary one as the alternative. The regular supplier is cheaper in price, but unreliable in the supply capacity, and there exists a chance of supply disruption with a probability of P. For the second one, it is comparatively expensive, but completely reliable, any demand of raw materials can be met with no supply disruption. The assumption is consistent with some literature [30] [31] [32] , and Ahiska, et al. [33] reckon that multi-suppliers are preferred by firms even under no risk of supply disruptions to obtain better responsiveness and faster supply because of the high punishing cost for the unsatisfied demand. It is often the case that the firms purchase the major part of their materials from the regular supplier with a longer lead time, and turn to the alternative one with expedited service when needed in spite of the high price. 
Decompose the Problem into a Series of Smaller Ones
Based on the abovementioned framework, the objective of this model can be subdivided into several aspects:
• How many end-of-life products need to be purchased? • How many new products should be manufactured? • How much the optimal selling price should be set as? • How many end-of-life products of quality k should be remanufactured? 
• How many end-of-life products need to be purchased?
• How many new products should be manufactured? • How much the optimal selling price should be set as? • How many end-of-life products of quality k should be remanufactured? • How many of the total products should be sold and how many be stocked?
Model Definition
The expected remanufacture cost is:
where C r denotes the cost of remanufacture and r d remanufacture rate, and g(y) is the probability density function of the quantity of procurement. Then the expected acquisition cost C A of returned product is:
Then the expected total cost of the joint manufacturing can be expressed as:
and the expected underage cost C P as:
The expected overage cost C H as:
The expected revenue as:
Finally, we obtained the expected total profit of the joint system as:
The objective of this study is to find the optimal value of Q m * that maximizes P T . When the random variable of market demand X and the random variable of acquisition quantity Y both follow the exponential distribution, this is consistent with [34, 35] , and their density functions are:
where λ, µ > 0, the expected total profit P T of this joint system is denoted as:
From Equation (8), it is easy to deduce that:
Hence, the profit expression P T is the concave function of Q m . The optimal quantity of manufacturing Q m * is derived as:
Equation (9) indicates that the optimal manufacturing quantity Q m * decreases with the increase of the yield rate of acquisition. The result is intuitive because the higher the value of r d goes up, the less the quantity of new products is required for the manufacturing process.
Illustration of the Proposed Method
In the process of remanufacturing, the difference of the quality level will result in significant differences in the process routes and lead times, which directly leads to an increase of the remanufacturing cost. Therefore, it can significantly help reduce the complexity and generate more rewards to establish a classified formula for the quality level according to the testing results, and then remanufacture the cores of the same quality with the same process route [36] . Teunter and Flapper [21] have proposed a remanufacturing-up-to level definition along with the idea of an order-up-to concept. In a real-life scenario, the distribution of quality levels in a lot of acquired products is unknown until being cleaned and tested. As mentioned, the high quality of a core means the low cost of remanufacturing, for some cores in poor condition their repairing and remanufacturing costs are likely higher than a new product, and it is intuitive that we only remanufacture those cores whose remanufacturing cost is lower than a new product and sell the rest to the second market for dismantling and other industrial purposes. Therefore, once the quality levels in a lot of cores are determined, the best policy is often to remanufacture the cores from the high rank to the low, by utilizing the news-boy method, and by considering the acquisition and processing cost we can uniquely determine a value of remanufacturing-up-to quality level k to obtain the optimal total profit.
Optimal Remanufacturing Quantity
The quality level k of each core is uncertain, and we assume that a random variable K follows a multinomial distribution with probability P i (core of quality i, i = 1, 2, ...). The assumption is appropriate when the quality values of cores in an acquired lot are independent, which is often the case for remanufacturing [37] .
let:
where k is an integer variable over an interval of (0, Q a ), based on the central limit theorem, when Q a = n → ∞ , k can be taken as a continuous variable; then η n = ∑ n i=1 Q a ·p i follows the normal distribution.
Optimal Manufacturing Quantity
In practical production, the higher the quality rank (the smaller k gets) of the returned product, the lower the cost will be in remanufacturing, i.e., C r 1 < C r 2 < C r 3 < C r Q a . It is intuitively insightful that when the k reaches a certain high value the remanufacturing cost is higher than manufacturing. As a consequence, remanufacturing is not profitable for extremely poor-condition end-of-life products, which means a high cost of repairing, component changing, and processing. Therefore, there is a remanufacturing-up-to level k by which we remanufacture the end-of-life products to obtain the maximized resource utility and profit. We used r d derived by k in Equation (11) , and the corresponding Q m * is our target value.
Numerical Experiments and Real-Life Case Analysis
In Section 4, we analyze some examples numerically to gain insight into the optimal method of the remanufacturing policy. Then we estimate the effect of remanufacturing optimization inspired by a real-life case. Finally, making a comparison between the real-life case and the theoretical optimal value, the conclusion of the analysis can be taken as the guidance for the practical production.
Impact Analysis of System Variables

Example 1
Here we estimate the relationships between system variables to obtain the different contributions made by return rate, demand expectation, and remanufacture-up-to level. Set P = 0.65, P s = 60, C r = 15, C m = 11, C a = 70, C p = 22, C h = 7, P r = 260, w 1 = 100, w 2 = 140, µ = 1/1550, and λ = 1/1850. According to Equation (10) , assume the value of r d varies from 0.5 to 1, then the relationship between Q m * and r d is as shown in Figure 2 . Figure 2 demonstrates that the optimal manufacturing quantity Q m * decreases linearly as the yield rate r d increases. This is because when the yield rate is increased, the quantity of returned products used for remanufacturing increases, and the optimal manufacturing quantity decreases accordingly.
The relationship between P T * and r d is shown in Figure 3 . Figure 3 shows that the case of exponential distribution of the total profit is increased as r d increases in the initial stage, but after reaching the maximum value it begins to decrease as r d continues to increase at the end of the stage. The point at which total profit reaches the maximum value is what we are searching for.
Example 2
We set r d = 0.55, P = 0.35, P s = 350, C r = 15, C m = 200, C a = 700, C p = 220, C h = 70, P r = 2600, w 1 = 1000, w 2 = 1400, µ = 1/1750, λ = 1/2450. The relationship between P T * and C r is shown in Figure 4 . The relationship between * and is shown in Figure 5 . From Figures 4 and 5 , it can be observed that the total profit * is decreased as the unit cost increases. This is intuitive because that unit cost increase means that the total cost is higher, and the total profit equals to the total revenue minus the total costs. In a similar way, the total profit * is increased as the selling price increases. The relationship between * , * and is shown in Figure 6 . The relationship between P T * and P r is shown in Figure 5 . The relationship between * and is shown in Figure 5 . From Figures 4 and 5 , it can be observed that the total profit * is decreased as the unit cost increases. This is intuitive because that unit cost increase means that the total cost is higher, and the total profit equals to the total revenue minus the total costs. In a similar way, the total profit * is increased as the selling price increases. The relationship between * , * and is shown in Figure 6 . From Figures 4 and 5 , it can be observed that the total profit P T * is decreased as the unit cost C r increases. This is intuitive because that unit cost increase means that the total cost is higher, and the total profit equals to the total revenue minus the total costs. In a similar way, the total profit P T * is increased as the selling price P r increases.
The relationship between Q m * , Q r * and P r is shown in Figure 6 . 
Real-Life Case Analysis
In accordance with the theoretical analysis, we apply this model to the real-life case. Based on the data provided by a certain firm in Shanghai engaging in remanufacturing of automobile engines named the Santana X electronic fuel injection engine, we set an appropriate model and perform an analysis of its remanufacturing state. In this model the unit cost of remanufacturing from the life cycle perspective is shown in Table 2 . In the practical production process, those Santana X electronic fuel injection engines are mainly transported from Beijing, Zhejiang Province, and Henan Province, into Shanghai. Its annual shipments are from 2000 to 4500 engines, the unit transportation is 0.1582 yuan/kilometer. The details of practical production expenditure are shown as Table 3 . 
In accordance with the theoretical analysis, we apply this model to the real-life case. Based on the data provided by a certain firm in Shanghai engaging in remanufacturing of automobile engines named the Santana X electronic fuel injection engine, we set an appropriate model and perform an analysis of its remanufacturing state. In this model the unit cost of remanufacturing from the life cycle perspective is shown in Table 2 . In the practical production process, those Santana X electronic fuel injection engines are mainly transported from Beijing, Zhejiang Province, and Henan Province, into Shanghai. Its annual shipments are from 2000 to 4500 engines, the unit transportation is 0.1582 yuan/kilometer. The details of practical production expenditure are shown as Table 3 . According to the actual situation, the production of this firm is about 2400 engines for the first year, 2800 the second, 3300 the third, and 3500-4500 annually in the rest of the years. All engines that are remanufactured are sold out, and the net profit is shown in Table 4 . Table 4 . The total profit of end-of-Life engine remanufacturing in the real-life case. Through the data collected we can calculate the Santana X electronic fuel injection engine is sold at the price of 12,600 yuan (average price), e.g., its annual sales are 6000, then the corresponding net profit is 6.354 × 10 6 yuan.
Total profit of end-of-Life Engine Remanufacturing (×10 6 Yuan)
Combining the actual situation, we deduce that r d = 0.55 by Equation (10), and P s = 1100, C r = 3771.63, C m = 3200, C a = 1900, C p = 600, C h = 180, P r = 12,600, w 1 = 4550, and w 2 = 5100.
Then the corresponding net profits, Q r and Q m are deduced as shown in Table 5 . It can be observed that the total profit of our theory model is comparatively higher than that in the real-life case. That is because the single remanufacturing system is not as good at adjusting their production quantity to the fluctuation of market demand as a joint system, leading to the higher cost of penalty cost . This fully proves the necessity of building the model of joint remanufacturing system in this paper, through the results of simulation for this model we can find out that the profits and the production costs of remanufacturing system in this real-life case have a room to improve, which provides appropriate guidance for the modern industrial process.
From our theory model we can calculate the optimum quantity of manufacturing and remanufacturing for the joint remanufacturing system, as shown in Figure 7 . By comparing the theoretical quantity of production in our model with that of the real-life case, we can obtain the relationship graph of them shown as Figure 8 . It can be observed that the total profit of our theory model is comparatively higher than that in the real-life case. That is because the single remanufacturing system is not as good at adjusting their production quantity to the fluctuation of market demand as a joint system, leading to the higher cost of penalty cost C p . This fully proves the necessity of building the model of joint remanufacturing system in this paper, through the results of simulation for this model we can find out that the profits and the production costs of remanufacturing system in this real-life case have a room to improve, which provides appropriate guidance for the modern industrial process.
From our theory model we can calculate the optimum quantity of manufacturing and remanufacturing for the joint remanufacturing system, as shown in Figure 8 . It can be observed that the total profit of our theory model is comparatively higher than that in the real-life case. That is because the single remanufacturing system is not as good at adjusting their production quantity to the fluctuation of market demand as a joint system, leading to the higher cost of penalty cost . This fully proves the necessity of building the model of joint remanufacturing system in this paper, through the results of simulation for this model we can find out that the profits and the production costs of remanufacturing system in this real-life case have a room to improve, which provides appropriate guidance for the modern industrial process.
From our theory model we can calculate the optimum quantity of manufacturing and remanufacturing for the joint remanufacturing system, as shown in Figure 7 . By comparing the theoretical quantity of production in our model with that of the real-life case, we can obtain the relationship graph of them shown as Figure 8 . By comparing the theoretical quantity of production in our model with that of the real-life case, we can obtain the relationship graph of them shown as Figure 9 . Due to the inadequate capacity of adjusting to the market demand in a single manufacture system, the penalty cost is higher than joint system and its total profit is lower. This can be explained from the quantity of production in both systems.
Generally speaking, compared with the single remanufacturing system, the joint system is more capable of adjusting production to the optimum quantity and lowering the cost, tending to gain more profits than the single remanufacturing system when the other conditions are kept constant.
Comparison of the Remanufacture with Manufacture
As mentioned above, the cost of remanufactured engines are reduced by 55%, resource consumption by 85%, and material by 90%. Under the same production or net profit, compared with the single manufacturing system (original equipment manufacturer, OEM), the cost reduction, and the resource and material savings, can be quantified in our real-life remanufacturing system, which are calculated as percentages and shown graphically as bar graphs. Figure 9 shows, when under the same profit, the percentage of saved costs of the remanufacturing system compared to that of the single manufacturing system for each year.
For example, the profit of fifth year is 6.728 × 10 6 yuan, to obtain this profit, the production costs of the remanufacturing system would be 3.545 × 10 7 Yuan, while the costs of manufacturing system would be 5.165 × 10 7 Yuan, saving the costs by 45.71% ( . .
. × 10 × 100% = 45.71%). In a similar way, Figure 10 shows the percentage of saved materials under the same profit in remanufacturing system when compared with manufacturing. Figure 10 shows, when under the same production, the resource savings in the real-life remanufacturing system compared to that of the single manufacturing system for each year. Figure 11 shows, when under the same production, the material savings in the remanufacturing system in comparison with the single manufacturing system for each year.
From the graphs above in Section4.2.2 we can draw the conclusions as that, when comparing the remanufacturing with the original equipment manufacturing production, the results indicate a cost reduction of more than 40%, a resource savings of more than 35%, and a cost improvement of more than 40% could be achieved, this is consistent with conclusion that remanufacturing is environment-friendly and resource-saving than single manufacturing system. Due to the inadequate capacity of adjusting to the market demand in a single manufacture system, the penalty cost is higher than joint system and its total profit is lower. This can be explained from the quantity of production in both systems.
As mentioned above, the cost of remanufactured engines are reduced by 55%, resource consumption by 85%, and material by 90%. Under the same production or net profit, compared with the single manufacturing system (original equipment manufacturer, OEM), the cost reduction, and the resource and material savings, can be quantified in our real-life remanufacturing system, which are calculated as percentages and shown graphically as bar graphs. Figure 10 shows, when under the same profit, the percentage of saved costs of the remanufacturing system compared to that of the single manufacturing system for each year. In combination of the conclusions drew in Section4.2.1, the standpoints of us can be summed up as follows: the profits and resource utilization rate of joint remanufacturing system in our model are higher than that of remanufacturing system in the real-life case; and that of remanufacturing system are higher than single manufacturing system. For example, the profit of fifth year is 6.728 × 10 6 yuan, to obtain this profit, the production costs of the remanufacturing system would be 3.545 × 10 7 Yuan, while the costs of manufacturing system would be 5.165 × 10 7 Yuan, saving the costs by 45.71% ( 5.165− 3.545 3.545 × 10 7 × 100% = 45.71%). In a similar way, Figure 11 shows the percentage of saved materials under the same profit in remanufacturing system when compared with manufacturing. Figure 11 shows, when under the same production, the resource savings in the real-life remanufacturing system compared to that of the single manufacturing system for each year. Figure 12 shows, when under the same production, the material savings in the remanufacturing system in comparison with the single manufacturing system for each year. 
Conclusions and Discussion
In this paper, a robust optimization approach was applied to analyze the optimal production policy for the joint automobile engine remanufacturing system. By setting up a quantified model we have calculated the effect of uncertainties in procurement and demand on net profit, resource saving, and material saving, and then developed a mathematical method to optimize the From the graphs above in Section 4.2.2 we can draw the conclusions as that, when comparing the remanufacturing with the original equipment manufacturing production, the results indicate a cost reduction of more than 40%, a resource savings of more than 35%, and a cost improvement of more than 40% could be achieved, this is consistent with conclusion that remanufacturing is environment-friendly and resource-saving than single manufacturing system.
In combination of the conclusions drew in Section 4.2.1, the standpoints of us can be summed up as follows: the profits and resource utilization rate of joint remanufacturing system in our model are higher than that of remanufacturing system in the real-life case; and that of remanufacturing system are higher than single manufacturing system.
In this paper, a robust optimization approach was applied to analyze the optimal production policy for the joint automobile engine remanufacturing system. By setting up a quantified model we have calculated the effect of uncertainties in procurement and demand on net profit, resource saving, and material saving, and then developed a mathematical method to optimize the remanufacturing quantity regarding the procurement price, selling price, hosting cost and penalty cost. Then we applied the probability theory to analyze the effect of uncertainty on CLCS, developed the model where the quality level factor is a variable that shows a continuous change, and by the characteristics of remanufacturing we can conclude that the remanufacture cost changing trend is similar to that of the quality level factor, namely C r 1 < C r 2 < C r 3 ... < C r Q a . Therefore, like the economic order strategy, there exists a remanufacture-up-to level that maximizes the profit of remanufacturing. By utilizing the central limit theorem, we have deduced the expression of this remanufacture-up-to level under the assumption of a binary distribution of the quality in procurement, then substituted that for the value of the remanufacture rate. Therefore, we obtained the optimum quantity of manufacture. In this paper we present the general deduction of the remanufacture-up-to level, and more detailed processes (such as assumptions, proofs, and relations) of it remain to be discussed in future research.
After deducing the remanufacture rate and the optimum quantity of manufacture we then analyzed the relationship between system variables, the result shows that the quality level analysis of procurement in the supply chain is very important for it has a direct impact on the strategy of production. To be more specific, it has direct impact on the quantity of both manufacture and remanufacture, on the total profit, and the net profit. By analyzing numerical experiments, we have illustrated the effects of uncertainty in system parameters, such as the manufacture ratio, salvage value, the broken probability of the supply chain in manufacture, unit manufacture/remanufacture cost, and hosting/penalty cost for the unit core.
Through the model established above, we applied it to a real-life case of an automobile engine remanufacturing factory, comparing the optimized result with its production situation, and have drawn two conclusions:
(1) The total profits can be boosted by about 20% (the first year)-40% (the eleventh year) according to the production policy developed in our model. (2) The average costs can be reduced by more than 25% according to the production policy developed in our theory model.
Meanwhile, we have also compared the result of remanufacture system in real-life case with that of single manufacture system on condition that other factors keep constant, and the following conclusions are drawn:
(1) Comparing the theoretic result of optimal joint remanufacturing policy with the production in the original equipment manufacturing, the results indicate that a cost reduction of more than 40% could be achieved when the optimal remanufacturing policy of our model is implemented. (2) Under the same conditions, a resource saving of more than 35% could be achieved when the optimal remanufacturing policy of our model is implemented.
(3) Similarly, a material savings of more than 40% could be achieved in the model of the joint remanufacturing system created above when compared with the production in the original equipment manufacturing.
The mathematical model of this paper is appropriate for a few occasions, such as the joint remanufacturing system in which the procurement and market demand are both stochastic, the yield rate is random, and there is the possibility of supply disruptions in a closed-loop supply chain. The results in this paper provide useful guidelines to firms whose market demand is uncertain and who face the risk of supply disruption in addition to uncertain volume and quality of returned items to make optimal decisions on determining the manufacturing quantity, while coordinating manufacturing and remanufacturing operations in their production processes.
The present study can also be extended in some ways.
(1) In this study, we assume the remanufactured products are completely the same as newly-produced products and sell them at the same price, and it will be meaningful to investigate the model in which the newly-produced products and remanufactured products have different demands and are sold at different prices. (2) Additionally, for convenience's sake, the manufacturing and remanufacturing lead times have been assumed negligible. In future research, it could be taken into account. (3) Furthermore, this study only considers the production in one lead time. In future research, it could be more interesting to apply a Markov process to the analysis of the joint remanufacturing system. (4) Finally, in this study, we analyze the total profit with respect to the quantity of manufacture and the remanufacturing rate separately by assuming another variable is fixed to obtain the profit maximization. In future study, we should take the total profits as the function of two variables and use the partial derivative to obtain its optimum value.
